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Appendix 1 
Mathematical details about the fitted models 
Model fitting of spatial point processes 

Model fitting is based on minimizing a discrepancy measure between the observed K function and 

the theoretical K function of the assumed point process (a.k.a. ‘minimum contrast’ or ‘least squares’ 

estimation).   

As a discrepancy measure we employed the one proposed by Diggle (2003: 86; 2013: 132): 

𝐷 𝜃 =    𝑤 𝑟 𝐾 𝑟 ! − 𝐾 𝑟;𝜃 ! !
𝑑𝑟,

!!

!
 

where r is the vector of r values at which the K function is estimated, 𝐾(𝑟) and K(r;θ) are 

respectively the empirical and the theoretical (with parameters θ) K-functions, r0 is the maximum 

radius r for which the K functions have been computed, and the weighting function w(r)and the 

constant c are employed to control the sampling fluctuations in 𝐾(𝑟). We followed the 

recommendations of Diggle (2003: 87) and set w(r) = 1 and c = 0.25. We also set r0 = 75 m, i.e, ¼ 

of the plot size.  

 

Homogeneous Poisson process (HPP) 

The homogeneous Poisson process is defined by their intensity λ which is usually approximated as λ 

= n / A, i.e. as the ratio between the number of points n and the area A of the observational window. 

For a homogeneous point pattern with intensity l, λK(r) is the expected number of points within a 

circle of radius r around an arbitrary point. 

The empirical K function for a homogenous point pattern is estimated as: 
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were A and n are respectively the area and the number of points in the plot, wij is an edge-correction 

factor and I is the indicator function (it returns 1 for distances dij < r and 0 elsewhere). 



Homogeneous Poisson processes (HPP), have constant intensity throughout the study area and the 

distribution of points is independent so the theoretical K(r) = πr2 (Illian et al. 2008: 80); this makes 

straightforward computing the discrepancy between 𝐾(𝑟) and K(r;θ). 

 

Poisson cluster process (PCP). 

Poisson cluster processes generate non-independent (clustered) points in a two-step process. First, 

an HPP of ‘parent’ points is generated with intensity ρ. Then, each parent point produces 

‘offspring’; the number of offspring per parent follows a Poisson distribution, and their locations 

are independent and isotropically normally distributed around the parent tree, with mean zero and 

standard deviation σ. The theoretical K function for a PCP is  

𝐾 𝑟;   𝜌,𝜎 = 𝜋  𝑟! +
1− 𝑒 !!!/!!!

𝜌  

The empirical K function is computed as for HPP. Model fitting involves iteratively choosing the 

parameters ρ and σ that minimize the discrepancy measure D(θ). We minimized D(θ) with the 

optim() function in R using the algorithm of Byrd et al. (1995) (method = ‘L-BFGS-B’ in optim), 

which allows box constraints on the parameter space. This avoids getting unrealistic values for 

parameters, a not unusual result when using unconstrained optimization to fit PC models. We 

constrained the parameter space between 1 / A and n / A for ρ (i.e. between only one cluster and n 

clusters) and between 1/10 m and 4r0 m for σ [i.e. between one tenth of the r interval and four times 

the maximum radius employed to compute K(r), which equals the maximum size of each side of the 

plot].  

 

Inhomogeneous Poisson Process (IPP) 

Inhomogeneous Poisson processes share whit HPP the independence of points but their intensity is 

not constant but instead varies from place to place according to an intensity function λ(u) which, in 

ecological studies, it is assumed to depend on environmental heterogeneity (Wiegand et al. 2007, 

Getzing et al. 2008, Wiegand and Moloney 2014). To characterize IPP's, we employed the 

inhomogeneous K-function (Baddeley et al. 2000). It is estimated as  
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The expected value of the inhomogeneous K-function for an IPP is KI 𝑟 = 𝜋  𝑟!. 

The intensity function can be estimated in different ways. We used kernel smoothing 

(Getzin et al. 2008, Baddeley 2010: 79–80), which estimates the intensity at location u as 

𝜆(𝑢) = 𝑒(𝑢) 𝜅(𝑢 − 𝑥!!
!!! ), where κ(u) is an arbitrary kernel function and e(u) is an edge 

correction term. We employed the two-dimensional Gaussian kernel as smoothing function, i.e. 
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Note that here σ represents the standard deviation of the smoothing Gaussian kernel, and we will 

refer to it hereafter as σλ. We employed the function density.ppp() in spatstat (Baddeley and Turner 

2005), with the argument at = ‘points’, to estimate the intensity at each point of the pattern [i.e. to 

estimate the individual λ(xi) terms in the formula for the estimation of the inhomogeneous K]. 

In ecological studies, choosing the bandwidth of the kernel for estimation of an intensity 

surface is based on biological criteria, i.e. selecting a bandwidth larger than the scale at which 

second order effects (i.e. spatial structures derived from individuals interactions or short scale 

dispersal) show up (Wiegand et al. 2007, Getzin et al. 2008). With this in mind, we estimated for 

each species a set of 13 different intensity surfaces, using Gausian kernels varying from σλ =15 to σλ 

=75 m in 5 m steps (these are equivalents to ‘bandwidths’ from 30 to 150 m; Bivand et al. 2008: 

168). In our approach, model fitting of the IPP model involves choosing the value for the standard 

deviation σλ of the smoothing Gaussian kernel that minimize the discrepancy measure D(θ). For 

each plant species, we computed the discrepancy measure D(θ) between the theoretical KI function 

for an IPP (i.e. KI(r) = πr2) and a set of different empirical KI functions (computed from each of the 

13 different estimated intensity surfaces). We selected the σλ value and the corresponding KI 

function which produced the smallest D(θ). 

 

Inhomogeneous Poisson cluster processes (IPCP) 

Inhomogeneous Poisson cluster processes are an extension of the PCP's, where it is assumed that 

the distribution of points, in addition to clustered, is inhomogeneous. The expectation for the 

inhomogeneous K-function of an IPCP is 

𝐾! 𝑟 = 𝜋  𝑟! + !!! !!!/!!!

!
, 

and the empirical 𝐾!(𝑟) function is computed as for an inhomogeneous point pattern. Fitting and 

IPCP model implies getting the values of ρ, σ and of the standard deviation of the Gaussian 

smoothing kernel (σλ) which minimize D(θ). Instead of plugging the three parameters directly in a 

function to be optimized numerically, we fitted the model for each species in a two step process: 

first, we computed 13 inhomogeneous KI functions based on the 13 different intensity surfaces (the 

same inhomogeneous K functions estimated before for the IPP fitting). We then selected the values 

of ρ and σ that minimized the discrepancy measure D(θ) between each of the 13 KI functions and 

their theoretical expectation, using the R function optim() in the same way as for PCP’s. We 

obtained 13 D(θ) values for each species. We finally selected the σ, ρ and the standard deviation of 

the smoothing kernel (σλ) which produced the smallest D(θ). 

Models were fitted with code based on the R packages spatstat (Baddeley and Turner 2005) 



and ecespa (De la Cruz 2008). We provide this code and examples of use in a new R package 

(selectspm) available in the usual CRAN servers (<ftp://cran.r-project.org>). Both homogeneous 

and inhomogeneous K-functions were estimated using Ripley’s isotropic edge correction (Ripley 

1978). All the functions were estimated up to 75 m (i.e. rmax = 75 m), with steps of 1 m. 

 

Model selection in an information-theoretic context 
As D(θ) is employed to measure discrepancies between the observed and expected (theoretical) K 

functions, model selection is hindered by the well-known fact that increasing the number of 

parameters provide better D(θ) values. To get a balance between optimal fitting and model 

complexity, we selected the best model for each species based on Akaike information criterion 

(AIC). AIC is defined as  

𝐴𝐼𝐶 =   −2 ln 𝐿 𝜃 +   2𝑝 

where 𝐿 𝜃  is the maximized likelihood of the model and 𝜃 the vector of p fitted parameters 

(Burnham and Anderson 2002: 61, Supplementary material Appendix 1 Table A2). Following 

Webster and McBratney (1989: 494) and Webster and Oliver (2007: 105), this can be estimated as   

𝐴𝐼𝐶 =    𝑛  ln
2𝜋
𝑛 + 𝑛 + 2   𝑛 ln𝑅 + 2𝑝 

where n is the number of observations [in our case, the number of r intervals were K(r) has been 

estimated] and R the mean of the squared residuals between the observed and the fitted values [in 

our case, R = D(θ) / n]. Note that in some papers (Webster and McBratney 1989, Shen et al. 2009), 

R is defined as the sum of squared residuals, which is wrong. As the quantity between curly braces 

is constant for all models, for comparison and selection purposes we should compute only 

𝐴 =   𝑛 ln𝑅 + 2𝑝 (Webster and McBratney 1989, Webster and Oliver 2007). Following the 

recommendations of Burnham and Anderson (2002: 66), to avoid bias caused by small sample size, 

we computed the small sample AIC as: 

𝐴𝐼𝐶! =   𝐴 +   
2𝑝(𝑝 + 1)
𝑛 − 𝑝 − 1  

We finally selected the model with the smallest AICc. For most species, the difference of AIC 

between the best and the second best models was > 4 (Supplementary material Appendix 1 Table 

A1), which means that the second best model had considerably lesser support than the best one 

(Burnham and Anderson 2002: 170).  
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Table A1. Results of model fitting. AICc: AICc values of the different models fitted to each species (HPP: homogeneous Poisson process; IPP: inhomogeneous Poisson 
process; HPCP: Poisson cluster process; IPCP: inhomogeneous Poisson cluster process). Parameters HPCP: parameters of the H PCP fitted to each species (σ2

: squared 
standard deviation of the dispersion around ‘parent’ points; ρ: density of parent points). Parameters IPCP:  parameters of the IPCP fitted to each species (σ2

: squared standard 
deviation of the dispersion around ‘parent’ points; ρ: density of parent points; σλ: standard deviation of the Gaussian kernel employed to estimate the intensity surface). Par. 
IPP: parameters of the IPP fitted to each species (σλ: standard deviation of the Gaussian kernel employed to estimate the intensity surface). Best: selected model (model with 
the smallest AICc). Best2: second best model (model with the second smaller AICc value). Δ12: AICc difference between the best and second best models. n: number of 
individuals of each species. DS: dispersal syndrome (an: anemochory; at: autochory; zo: zoochory). 

 AICc Parameters HPCP Parameters IPCP Par. IPP Model selection n DS 

Species HPP IPP HPCP IPCP σ2 ρ σ2 ρ σλ σλ Best Best2 Δ12 
 

 

Achatocarpus pubescens 152.6 -91.9 93.9 -189.3 76.2 0.00038 141.1 0.00037 75 40 IPCP IPP 97.4 73 zo 

Armatocereus sp. 166.0 -85.8 -164.3 -262.0 479.1 0.00004 94.3 0.00038 70 45 IPCP PCP 97.6 391 zo 

Bursera graveolens -89.1 -154.7 -182.9 -165.6 189.1 0.00058 141.6 0.00117 70 50 PCP IPCP 17.3 111 zo 

Caesalpinia glabrata 70.9 -134.9 27.5 -194.3 63.7 0.00098 87.7 0.00098 45 35 IPCP IPP 59.4 188 at 

Chloroleucon mangense 47.8 -193.7 14.0 -419.5 61.1 0.00135 101.6 0.00135 65 45 IPCP IPP 225.8 258 at 

Coccoloba ruiziana 70.6 -160.7 -30.8 -181.6 99.8 0.00040 403.9 0.00040 75 50 IPCP IPP 20.9 77 zo 

Cochlospermum vitifolium -174.1 -341.1 -260.6 -336.9 374.8 0.00115 20279.6 0.00115 70 65 IPP IPCP 4.2 221 an 

Colicodendron scabridum -250.9 -263.2 -259.6 -258.7 570.6 0.00207 90000.0 0.00207 60 60 IPP PCP 3.6 197 zo 

Cordia lutea 85.3 53.7 56.4 58.9 275.1 0.00015 90000.0 0.00015 75 75 IPP PCP 2.6 14 zo 

Croton sp. -19.2 -135.7 -61.9 -179.1 42.9 0.00275 68.4 0.00275 40 30 IPCP IPP 43.4 524 at 

Cynophalla mollis -155.0 -377.3 -236.6 -484.6 107.5 0.00251 180.7 0.00251 70 40 IPCP IPP 107.3 480 zo 

Eriotheca ruizii -130.5 -202.9 -244.9 -234.3 104.0 0.00139 121.7 0.00139 75 40 PCP IPCP 10.5 266 an 

Erythrina velutina 25.5 -28.8 -76.2 -24.2 145.9 0.00031 90000.0 0.00042 65 65 PCP IPP 47.4 40 at 

Erythroxylum glaucum -120.7 -209.7 -290.5 -233.4 97.3 0.00128 116.9 0.00128 75 40 PCP IPCP 57.1 245 zo 



Geoffroea spinosa -96.6 -245.6 -270.2 -372.3 71.7 0.00119 109.7 0.00119 65 40 IPCP PCP 102.0 227 zo 

Jacquinia sprucei 59.9 -29.1 -12.3 -24.6 552.8 0.00013 90000.0 0.00038 55 55 IPP IPCP 4.5 36 zo 

Leucaena trichodes -17.6 -113.1 -72.9 -199.1 88.7 0.00166 48.5 0.00166 45 30 IPCP IPP 86.0 318 at 

Malpighia emarginata 38.5 -181.2 4.1 -255.7 18.8 0.00211 90.5 0.00211 50 35 IPCP IPP 74.6 402 zo 

Mimosa acantholoba 96.4 -31.4 -131.3 -46.8 419.5 0.00009 209.3 0.00028 75 40 PCP IPCP 84.5 55 at 

Piptadenia flava 25.1 -92.4 -121.4 -107.2 94.8 0.00042 145.0 0.00042 75 45 PCP IPCP 14.3 82 at 

Pisonia aculeata 188.6 12.9 29.9 17.4 291.5 0.00005 90000.0 0.00018 50 50 IPP IPCP 4.5 17 zo 

Pithecellobium excelsum 96.0 -285.4 52.2 -289.3 77.7 0.00062 566.9 0.00062 75 60 IPCP IPP 3.9 119 at 

Randia aurantiaca 202.7 -21.1 10.7 -19.6 587.2 0.00003 348.7 0.00016 75 50 IPP IPCP 1.5 15 zo 

Senna bicapsularis 206.3 42.1 19.2 -91.8 62.7 0.00010 24.7 0.00021 75 40 IPCP PCP 111.0 23 at 

Senna mollisima 121.3 60.4 88.3 65.0 1733.1 0.00005 90000.0 0.00015 75 75 IPP IPCP 4.7 14 at 

Tabebuia billbergii -112.8 -283.1 -164.1 -321.3 86.0 0.00270 113.7 0.00270 75 40 IPCP IPP 38.2 516 an 

Tabebuia chrysantha 20.3 -100.0 -24.9 -145.8 0.5 0.00179 46.8 0.00179 45 25 IPCP IPP 45.8 342 an 

Vasconcellea parviflora -2.8 40.9 -1.7 46.3 90000.0 0.00016 90000.0 0.00016 75 75 HPP PCP 1.2 15 zo 

 

 



	  

Table A2. Number of parameters fitted for each model. HPP: homogeneous Poisson 
process. IPP: inhomogeneous Poisson process. HPCP: homogeneous Poisson cluster 
process. IPCP: inhomogeneous Poisson cluster process. R: mean squared residuals. σ: 
dispersion parameter for cluster processes. ρ: density of clusters parameter for cluster 
processes. σλ: standard deviation of the Gaussian kernel employed to estimate intensity 
surfaces. p: total number of parameters per model. A + sign indicates that the parameter is 
estimated when fitting the model. 

 Fitted parameters  

Model R σ ρ σλ Total (p) 

HPP +    1 

IPP +   + 2 

HPCP + + +  3 

IPCP + + + + 4 

 


