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Appendix 1 
Mathematical model 
We simulate continuous growth of twig biomass from its beginning of differentiation within a 

terminal bud (Kozlowski 1971) up to reaching the age, a = τ2, which is associated with the diameter 

at which the proportion of the twig’s biomass that is wood becomes large enough that simple 

indigestibility greatly reduces the twig’s nutritional value to a hare (Pehrson 1981). Near Fairbanks, 

Alaska, this diameter is about 3 mm (Wolff 1980). Although toxicity decreases almost continuously 

from the terminal bud to the point at which browsing is possible on an OST segment, it is more 

convenient for modeling to assume there is a sharp drop, at twig age τ1, from a high toxicity (hence 

low palatability G1), to very low toxicity (high palatability G2). We call the twig segments between 

age a = 0 and a = τ1 ‘young segment twigs’ (YST), and twig segments between age a = τ1 and age a 

= τ2 ‘old segment twigs’ (OST). We can write separate equations for the density of twig biomass, 

n(t, a), per unit age at time t for both YST and OST.  

For YST we have the first order partial differential equation in time and age; 

  (A1) 

In (1) λ1 is the natural (non-browsing) mortality of YST,  is the loss of YST per unit YST per 

unit hare biomass, P(t), through direct browsing and ρ2(t) is the loss of YST per unit YST biomass 

per unit hare biomass through indirect effects of browsing on OST. The browsing functions are 

assumed to have the form 
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where ei is the encounter rate, hi is the amount of time required to consume a unit of biomass, and 

T1(t) and T2(t) are total YST and OST biomasses, or the integrals of n(t, a) from 0 to τ1 and from τ1 

from τ2, respectively; 
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          (A5) 

The function contains the saturation effects of ingestion on growth (i.e. is a Holling type 2 

functional response), except that now there is a third term in the denominator, 222 /)( GtTe

representing the saturating effects of the toxin on ingestion rate. The parameters G1 and G2 are 

measures of edibility of the plant biomass, as affected by the toxin. Small values of G1 mean low 

edibility and large values of G2 represent high edibility. In Eq. A2 and A3 the saturating effects of 

food and toxin are represented as additive. In principle, an alternative form that saturates according 

to which saturating effect, food or toxicity, is strongest, could be used; i.e. 
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)(max , but we use the additive form in Eq. A2 and A3 here. It may be 

surprising to see the term – ρ2(t)P(t)n(t,a) in equation (1). However, YST is also lost through 

browsing on OST, because YST, being at the end of the twigs, is necessarily removed from the 

vegetation when OST is browsed. Therefore YST is removed at the rate of browsing on OST, even 

though the YST is discarded rather than consumed by the hares.  

For present purposes, the level of toxicity in OST is assumed low enough (i.e. G2 is very 

large) that the toxin has no effect on the rate of ingestion by the hares, while the level of toxicity in 

YST is assumed high enough (i.e. G1 is very small) that no YST is consumed; that is, ρ1(t) = 0. 

Therefore, the toxin-influenced edibility levels, G1 and G2, play no role in the equations in this 

∫
τ

τ

=
2

1

2 da)a,t(n)t(T

)t(1ρ



simplification of the model, though they determine that only OST, and no YST, is consumed. These 

assumptions are made to simplify the presentation. Solution of the general problem, without this 

simplification, is given in Liu et al. (2012). The daily input of new twigs, ))(()0,( 1 tTbtn = , is a 

function of the current biomass of YST, which is the integral of n(t, a) from 0 to τ1 ; i.e. Eq. A4.  

The equation for OST is, in analogy with that for YST, 
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It is possible to reduce the pair of age-structured Eq. A1 and A6 to a pair of delay-differential 

equations. This can be done by differentiating both sides of Eq. A4 and A5 with respect to t and 

using Eq. A1 and A6, respectively, along with the boundary conditions on T1(t) and T2(t), to obtain 
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In Eq. A7 the first two terms on the right hand side represent, respectively, non-browsing mortality 

of YST and indirect loss due to browsing of OST. The third term is the input of new twig growth. 

The fourth term is the loss of surviving YST through aging and passing into the OST category. This 

term is the birth rate at the earlier time, t – τ1, multiplied by the probability of survival to age τ1. In 

both these terms, the function b represents that new growth is a function of the amount of YST.  In 

Eq. A8 the first two terms represent loss through non-browsing and browsing mortality. The third 

term is the input of new twig segments at age a = τ1 through aging of the YST. The fourth term 

represents the loss of twigs through growing out of the edible range of τ1 to τ2. This happens τ2 time 

units after birth, hence the presence of the factor b(T1(t – τ2)), where each exponential factor in the 

term represents a survival probability.   

Equations A7 and A8 are delay-differential equations. The crucial delay is created by the 



age of switching from YST to OST, τ1; that is, the time that it takes aging to significantly increase 

the biomass of OST that snowshoe hares eat. In the case of Betula glandulosa growing near ar 

Fairbanks, Alaska, this appears to be about three years (Fox and Bryant 1984). Even though new 

biomass may be produced at a fast rate following heavy browsing, it is not edible for a time period 

τ1. The delay τ2 is also important. It is the age at which OST biomass becomes unavailable through 

growth in diameter. The closer τ2 is to τ1, the smaller the twig age interval that is available to the 

hares. The hare biomass is described by the equation 
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B2 is the conversion ratio of vegetation biomass to hare biomass and m is the hare mortality rate. 

 Equations A7, A8 and A9 constitute a consumer-resource system with time delay. May 

(1974) studied a vegetation-herbivore system with a time delay in vegetation carrying capacity, 

showing that if the time delay was greater than a characteristic time of the interaction resulting from 

the growth parameters, the time delay could drive the equilibrium point of the system to instability. 

There have been numerous studies of consumer–resource systems with time delays, mostly analyses 

of fairly simple equations. Our set of equations derives from modeling the phenomenon of ‘reversal 

of aging by pruning’ of highly browsed vegetation biomass, which imposes a time delay in the 

availability of food for hares. The resulting equations are complex, but have the property that time 

delays can produce instability and the period of the oscillations increases with the length of the 

delay. We have solved Eq. A7, A8 and A9, along with Eq. A3, numerically, assuming a 'birth' rate 

of new twigs. The parameter values for the model, and their sources, are provided in Supplementary 

material Appendix 1 Table A1. 

 

 

 

 

 



Table A1. Definition of parameters and values used in simulations. Data sources follow the table. 

 

λi   =   natural per capita loss rate       0 

e2  =   rate of encounter per unit plant biomass       0.0007 

h2 =  time for handling one unit of plant biomass    0.008 

d =   per capita death rate of herbivore       1/365 

B2 =   conversion constant (herbivore biomass per unit of plant biomass) 0.0017 

τ1     =   duration of YST        3 years 

τ2      =   age when OST is too large to eat (OST diameter > 5mm)                       6 years  

 

Sources of parameter values: 

 λi − field observations made in Alaska indicated that, in the case of B. glandulosa, that death 

of twigs caused factors other than hare browsing, for example self-pruning, is nearly zero 

(Bryant unpubl.).    

e2  − an arbitrary small number was used because at Kluane, Yukon B. glandulosa twigs only 

make up 1.25% of the twigs available to snowshoe hares (Melnychuck and Krebs 2005). 

h2 − estimated by timing the harvesting and consumption of B. glandulosa twigs by snowshoe 

hares (Bryant unpubl.).  

d − <http://animaldiversity.ummz.umich.edu/accounts/Lepus_americanus/> Wild snowshoe 

hares live about one year. Thus, the daily per capita death rate was set 1/365. 

B2 − computed from data of Reichardt et al. (1984) and Hodges et al. (2006): data in Reichardt 

et al. (1984) were used to estimate the percent of dry matter that was consumed that was 

retained; Overwinter mass loss by free ranging snowshoe hares living at Kluane, Yukon 

was used to estimate the percentage of the dry matter retained that was converted to hare 

biomass. 

τ1 – experimentally determined by Fox and Bryant (1984). 



τ2 – obtained from field measurements of the growth of Alaskan B. glandulosa twigs (Bryant 

unpubl.). A maximum diameter of 5 mm was used because this is the maximum diameter 

of B. glandulosa twigs eaten by snowshoe hares residing at Kluane, Yukon (Melnychuk 

and Krebs 2005).  
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PowerPoint named ‘Places’ 

The PowerPoint slide show ‘Places’ contains a map that shows the geographic locations of the 

places mentioned in the text. 

 


