Oikos 020751

Rosindell, J. and Cornell, S. J. 2013. Universal
scaling of species-abundance distributions across

multiple scales. — Oikos 122: 1101-1111.

Appendix 1 and 2



Universal scaling of species-abundance
distributions across multiple scales
supplementary material

James Rosindell 1** and Stephen J. Cornell !

17th October 2012

1 Faculty of Biological Sciences, The University of Leeds,
Leeds, LS2 9JT, UK

2 Division of Biology, Imperial College London, Sil-
wood Park Campus, Ascot, Berkshire, SL5 7PY, UK

* Corresponding author, both authors contributed equally
to this work

E-mails James@Rosindell.org and S.J.Cornell@Leeds.ac.uk



Appendix 1: Fits to species abundance distribu-
tions at small areas

We show in the main body of the paper that the species abundance dis-
tributions (SADs) for intermediate to large survey areas reduce to a family
of curves described by a single parameter AvL~2, which represents the
ratio of the survey area A to the average species range. This description
breaks down at smaller areas, where the dispersal distance L introduces
an additional length scale to the geographical length scale Lvs.

In this Appendix we investigate empirically the SADs at smaller scales
by fitting a variety of analytical forms to them. The candidate SADs we
used were:

One parameter distributions:

e Exponential (i.e. geometric) ¢,, oc e "

e Log-series ¢,, %” This is the SAD for very large sample areas (see
the main text).

e Poisson ¢,, = % This represents individuals of each species being
uniformly and independently distributed over all space.

Two-parameter distributions

o Negative binomial ¢, oc & (1 T %)_n This represents a Pois-

son mixture model, where individuals of each species are indepen-
dently distributed but different species have local densities that follow
a Gamma distribution ?.

e Gamma ¢, x n*~le~ %
e Weibull ¢,, oc nF~1le= (/"
e Stretched exponential ¢,, oc e~ (/)"
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Three of these models (Log-series, Poisson, Negative binomial) have par-
ticular mechanistic interpretations as described above. The Gamma, Weibull,
and Stretched Exponential are usually used for data that take continuous
rather than discrete values, but are included here to provide a heuristic
comparison with the Negative Binomial.

Statistical procedure

A sample area contains a fixed number of individuals, consequently the
abundances of different species are not independent (the abundance of
one species can only increase at the expense of another). While it is
possible to take account of this when computing sampling formulae for the
spatially implicit system ??, we are not able to extend those methods to
the spatially explicit case. However, we can treat the species abundances
as approximately independent provided (i) it is very rare for any species
to have abundance comparable to the total survey area and (ii) we have
many independently sampled survey areas (for these data, from 98 to 521
independent samples were obtained for each parameter set). Under these
assumptions, if on average we expect ¢, species of abundance n then
the likelihood that, over NV samples, we see s; species of abundance 1, s,
species of abundance 2 etc is

P({s)) = [ e Vo D", (1)

i s;!

A maximum likelihood fit for each of the candidate distribution was
found by maximizing P({s;}) over the parameters of the distribution (using
the optim() and optimize() functions in R ?). A goodness of fit for the
model was obtained by simulating a sample from the maximum likelihood
fit to the actual data, fitting the new maximum likelihood parameters to the
simulated data, and counting the fraction p of realizations for which the



simulated data had a higher maximum likelihood than the original data.
The statistic p is a p-value for the test of the null hypothesis that the origi-
nal data represent independent species with a distribution generated by a
model of the candidate class, because under that null hypothesis we would
expect p to be uniformly distributed between 0 and 1.

Results

Table 1 shows the p-values, maximized log-likelihoods, and fitted maxi-
mum likelihood parameters for fits to nine different SAD data sets (sam-
ple area 16 x 16, Gaussian kernel with L € {8,16, 32}, speciation rates
v € {107%,107*,1072}). Figure A1 shows a comparison of the fitted distri-
butions with the original data. A spreadsheet containing the fitted values
and goodness of fit indicators for the other parameter combinations we
simulated is included as further online material . Several clear patterns
emerge:

e The Negative Binomial, Gamma, and Weibull distributions all give
good fits to the data, with comparable p-values (> 0.05 in all cases)
when the same data are fitted to each of the three distributions. In
figure A1 the fitted negative binomial (black) and gamma (blue) distri-
butions are practically indistinguishable, while the Weibull (magenta)
distribution is also very similar

e The stretched exponential only gives good fits to the four data sets
for which there are relatively few abundance values (L = 32 with
v = 1072, 1071075, and L = 16 with v = 1072, giving estimated
p < 0.0001 for the others.

e The exponential distribution shows a similar pattern, though gener-
ally with worse fits, than the stretched exponential



e The log-series and Poisson distributions give very poor fits to the
data.

Conclusions
We can draw the following conclusions:

1. The data are clearly good enough to distinguish between distribu-
tions. In particular, we can reject the log-series (which describes
SADs for large areas) and the Poisson distribution.

2. Three of the two-parameter distributions fit the data equally well, but
a fourth one fits much worse. The ones that fit the distribution well
have an algebraic dependence (or approximately so, for the negative
binomial) at small abundances, whereas the ill fitting one does not,
so we can conclude that this is an essential feature of the data. On
the other hand, the data do not have the resolving power to distin-
guish between a stretched exponential behavior at large abundances
(Weibull) and a simple exponential one (Gamma).

Table 1: Goodness of fit (p-value), maximized log-likelihood (LL), and
maximum likelihood parameter values for the seven candidate models fit-
ted to nine species abundance distributions. Gaussian kernel, survey area
16x16. The p-values are estimated from 10000 simulated data sets from
the candidate distribution.
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Figure A1

Comparison of maximum likelihood fits of the seven candidate models
(lines) with the original nine SAD data sets (points). Black: negative bi-
nomial; blue: Gamma; magenta: Weibull; brown: stretched exponential;

green: exponential; red: log-series; orange: Poisson.
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Appendix 2: Fits to species abundance distribu-
tions at intermediate areas

As discussed in the main text, we find that at intermediate to large areas
that the SAD is characterized by the single parameter vAL~2, and suffi-
ciently large vAL~2approaches the log-series ¢,, < <-. Both the negative
binomial and the Gamma distribution reduce to the log-series when the
shape parameter k is zero.

To investigate how the SADs approach the log-series, we used the
procedure described in Appendix 1 to fit both Gamma and negative bi-
nomial distributions to our SAD data. Good fits (p>0.05) were found in
79% (Gamma) and 76% (negative binomial) of all cases, which shows that
neither of these distributions is an exact representation of the true SAD
because if they were we would expect 95% of all cases to have p>0.05.

We selected parameter combinations that satisfied the following crite-
ria, in order to be in the scaling regime where the SAD is characterized by
AvL=2 only:

1. L>5
2. Allogv|L™2 > 100,
3. vr<0.1

In addition, we only used data sets where the p-value for the fit was greater
than 0.05, to avoid cases where the trial distribution was not a good de-
scription of the data. We also did not use parameter values where no
species had more than 20 individuals, to avoid cases where the fit only
seemed good because there were too few points at which it was fitted.
Figure A2 shows the shape parameter £k for a Gamma distribution fitted
to the SADs. The results for fits to a negative binomial (not shown) display
a similar pattern. The shape parameter for a particular kernel is mostly
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described by AvL=2 , which is to be expected because we are in the pa-
rameter regime where the SAD itself is determined by AvL~2 alone. The
shape parameter decreases to zero as AvL~—? increases, showing that the
SAD approaching a log-series in this limit. For smaller values of AvL~—2
the shape parameter appears to approach 1, which would correspond to
a purely exponential SAD, but our results do not extend far enough into
this regime to explore further. The value of k£ also depends on the shape
parameter n of the dispersal kernel.

We also fitted the analytically known SAD for Hubbell’s spatially im-
plicit local community Neutral model (??), known as the dispersal limited
multinomial (DLM, which is here combined with the assumption that the
metacommunity is infinite and has log-series abundances):

(1—2)""dz,

(2)
where J is the local community size (here, the survey area A), 0 is the
fundamental biodiversity number of the metacommunity, and ~ is related
to the probability m that a recruit in the local community is an immigrant
from the metacommunity by the following relationship

4, = JIT(y+1) /1 Fn4+~v2)I'(J —n+~(1-2)

n!(J —n)!IT(J +7) L1 +y2)T(y(1 = 2))

m(J —1)

T T

Although the full sampling formula for this model (i.e. the joint probability
that a sample contains a particular set of species abundances) is known
(Etienne and Alonso 2005), we shall instead use same approximate Pois-
son likelihood (Equation 1) as was used for the other proposed SADs in
order that the dispersal limited multinomial can be assessed on an equal
footing. Performing a maximum likelihood fit using the DLM SAD is ex-
tremely computationally challenging, as the integral in equation (2) needs
to by evaluated separately for each value of n and each candidate set of



parameters; for many of the parameter values encountered (J and/or 0
large and/or m — 1) the integrand becomes extremely sharply peaked,
and the arguments of the Gamma functions become extremely large so
that the final result became difficult to evaluate accurately (even when tak-
ing the differences of log Gamma functions rather than the ratio of Gamma
functions). As a result, the code to perform this fitting is much slower
than for the Gamma and Negative Binomial SADs, and we were unable to
generate p-values in the same way as before (by re-fitting 1000 randomly
generated samples from the fitted distribution). Instead, we used the log
likelihood of the maximum likelihood fit to compare the goodness of fit.

Figure A3 compares the log likelihood of the maximum likelihood fit
using the DLM with that of the Gamma and Negative Binomial distribu-
tions. The figure is color coded by the p-value of the fit by a Gamma
distribution (panels A and C) and to a negative binomial distribution (pan-
els B and D). It is clear that the DLM always fares worse than either of
the other distributions in the case of a fat-tailed dispersal kernel (panels C
and D). For a Gaussian dispersal kernel (panels A and B) It is clear that
the DLM typically fares much worse than the Gamma distribution, except
for some cases where the the Gamma distribution is itself a poor fit to the
data (small p-value, points colored black). These cases lie in the region of
larger values of AvL~2. It should be noted that (i) in the majority of cases
in this parameter region (98 out of 157) the Gamma distribution fits better
than the DLM; and (ii) the fact that the DLM fares better than the Gamma
distribution does not mean that the DLM itself is a good description. A sim-
ilar pattern is seen when comparing the DLM with the negative binomial.
A spreadsheet containing the fitted values and goodness of fit indicators
for the other parameter combinations we simulated is included further as
online material .
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Figure A2

Shape parameter for a Gamma distribution fitted to the SAD data, in the
regime where the SAD is a family of curves characterized by AvL=2 and
the kernel shape n only. Panel (A) shows data for Gaussian dispersal
kernels (green circles); the black line is a loess smoothing of the data. In
panel (B), the points correspond to: blue squares: n = —4.0; red circles:
n = —4.4; green triangles: n = —5; magenta diamondsn = —6. The black
curve is the same smoothed result for the Gaussian kernel as in panel (A).
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Figure A3

Comparison of the log likelihood for the fits with the DLM to the Gamma
distribution (A and C) and the negative binomial distribution (B and D), for
data from spatial neutral models with Gaussian dispersal kernels (A and B)
and fat-tailed dispersal kernels (C and D), as a function of AvL~2. Filled
circles represent fits for parameter values deemed to be in the scaling
regime (L > 5,A|logv|L~% > 100, and v < 0.1), and are colored accord-
ing to the p-value for the fit by the Gamma distribution (A and C) or the
negative binomial distribution (B and D), where cool colors represent low
p-values (black: p = 0) and hot colors represent high p-values (red: p = 1).
For reference, data for parameter values outside the scaling regime are

included as grey dots.
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Appendix 3: Supplementary figures

Figure A4: Fits for nearest neighbor dispersal at very
large areas

SAD from spatially explicit neutral model with nearest neighbor dispersal,
sample area A = 2.56 x 10® and speciation rate v = 0.003. The black
line represents the best fit to the log series formula s, = ¢(1 — v)", the
best fitting parameters being # = 1.156 x 10° and v = 0.00322. Note that
the fitted value of v is close to the true value (0.003), but the fit is visibly
poor. Comparing this result to Figure 3 of the main text, where a log-series
fits the spatially explicit simulation data extremely well, demonstrates the
fundamental difference between the nearest neighbor dispersal model and

the further neighbor dispersal model.

1200 T T T T T T T T T T T
Spatially explicit
= 1000 | Log-series
©
[
4
S 800t
o
=
0 600
0
[&]
(O]
g 400
£
2 200
0

1 2 3 4 5 6 7 8 9 10 11
abundance class

13



Figure A5: Calculating the effective metacommunity size
for large scale log-series fitting

We wish to calculate the combined area of the sampling region A and
all points around it that are within a distance of the correlation length %
The diagram here shows that this area is made up of 9 component parts:
the area A (white), four rectangles each of size v A x % (blue) and four
quarter circles of radius % (red). The four quarter circles together make
a full circle of area w%z and so the total desired area Jy; is given by Jy =
A+ 4V AL + 7L Consequently Jy = A+ e where e = 4v/AL + 7L so
L

that e o< 7 as claimed in the main text.
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