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Appendix 1

Insights from a formal analogy with 
group selection
In this appendix I highlight ecological insights revealed by the for-
mal analogy between my approach and models of group selection 
in the evolutionary literature. It is perhaps not obvious that there 
are any insights to be gained, since the analogy between group se-
lection in evolution and ‘group selection’ in my approach is a purely 
formal one. However, it is widely-recognized that the Price equa-
tion has provided conceptual and empirical insights into problems 
in many fields outside evolutionary biology, even though the anal-
ogy between evolutionary processes and the processes of interest 
often is only a purely formal one (Loreau and Hector 2001, An-
dersen 2004, Fox 2005, 2006, Fox and Harpole 2008, Jäger 2008, 
Collins and Gardner 2009). Indeed, evolution by natural selection 
itself can be viewed as merely one example of the formal ‘selection 
process’ described by the Price equation (Price 1972, 1995). More 
broadly, many empirical and conceptual advances in ecology have 
arisen from the development of formal mathematical frameworks 
which classify the effects of complex underlying biological mecha-
nisms. Chesson’s formal classification of coexistence mechanisms 
into those based on “equalizing” versus “stabilizing” effects is one 
example (Chesson 2000, Loreau 2010). 

The concept of ‘group selection’ has been the subject of sev-
eral long-standing debates in evolutionary biology, including the 
proper definition of the term (reviewed by Okasha 2004, 2006). 
Not all of these debates are relevant to the approach developed 
here, because the analogy between group selection in evolution 
and ‘group selection’ in the present context is purely formal. Con-
ceptual debates concerning group selection in evolutionary biol-
ogy primarily concern the appropriate mathematical description 
of biological reality. Because ‘groups’ in the present context exist 
only in a formal sense, debates about the appropriate description 
of real biological groups are moot. 

One aspect of the group selection debate which is relevant in 
the present context is the distinction between two different classes 
of multi-level selection models. In evolutionary biology, the par-
titioning of group and individual selection used here comprises 
a “multi-level selection 1” model (MLS 1; Damuth and Heisler 
1988, Okasha 2006). In MLS 1 models, the properties of groups 
are “aggregate” properties: sums or averages of the properties of the 
individuals comprising the groups (Damuth and Heisler 1988, 
Okasha 2006). For instance, in multi-level selection models of the 
evolution of altruism, individuals are either “selfish” or “altruistic”, 
and the “group phenotype” on which group selection acts is the 
average altruism of the group members (i.e. the proportion of al-
truists in the group). Note that the properties of individual group 
members might be determined by all sorts of complex biological 
factors (e.g. interacting genetic and environmental factors). But 
once the properties of the individuals comprising the group are 

specified, the property of the group is specified simply by sum-
ming or averaging the properties of the individuals comprising 
the group. In contrast, in “multi-level selection 2” models (MLS 
2 models), group properties are “emergent”, meaning that they 
bear some non-additive (and often unspecified) relationship to the 
properties of the individuals comprising the group. In evolution-
ary biology, an example of MLS 2 is provided by models of species 
selection (Jablonski 2008). For instance, geographic range size is a 
species-level property that may affect the probability of speciation 
(“giving birth”) and extinction (“dying”), so that geographic range 
size can evolve via species-level selection. Geographic range size 
presumably depends in some complex fashion on the phenotypic 
traits of the individual organisms comprising the species, but it is 
not a simple sum or average of any individual-level property.

In MLS 1 models, the fact that group-level properties are ag-
gregates of individual-level properties means that individual-level 
evolution necessarily has group-level consequences, which the 
multi-level Price equation describes (Okasha 2006). In contrast, 
in MLS 2 models it is impossible to describe the group-level con-
sequences of individual-level evolution (if indeed there are any at 
all) without first specifying the complex, non-additive connections 
between group-level properties and individual-level properties. 

In the present context, the distinction between MLS 1 mod-
els and MLS 2 models is relevant because some commonly-used 
measures of community ‘stability’ are aggregate properties, while 
some are emergent properties. As discussed in the main test, the 
sum of the elements of the variance-covariance matrix is an ag-
gregate property which has been taken as an index of community 
stability. However, stability measured as the largest eigenvalue of 
the community matrix, or return time to equilibrium following a 
perturbation, is an emergent property (Pimm 1992). Eigenvalues 
and return times are not simple sums or averages of any properties 
of the species comprising the community. Species loss will affect 
these emergent measures of stability, but it will do so via effects 
that are fundamentally different from those defined by Eq. 4–6. In 
order to partition the effects of species loss on an emergent meas-
ure of stability, it would be necessary to first specify precisely how 
that measure of stability emerges from the properties of the indi-
vidual species comprising the community. Different partitionings 
would be necessary for measures of stability that ‘emerge’ from 
species-level properties in different ways.
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Appendix 2

Additional results from the Biodiversity II 
experiment
Here I show results of using Eq. 4–6 to compare post-loss plots 
in the Biodiversity II experiment to the most- and least-variable 
pre-loss plots. In the main text I present results using a typically-
variable pre-loss plot. Comparison of the results presented here 
with those presented in the main text illustrates that the sign of the 
group- and individual-level SRE on the summed covariance can 
differ depending on the pre-loss plot to which the post-loss plots 
are compared. Other results are qualitatively similar to those pre-
sented in the main text. Quantitative and qualitative differences 
in results, depending on the pre-loss plot to which the post-loss 
plots are compared, reflect variation in species dynamics among 
pre-loss plots. 

Figure A2.1. Effects of species loss on the summed variance in 
the Biodiversity II experiment when comparing post-loss plots to 
either (a) the most-variable or (b) the least-variable pre-loss plot. 
Points show the SRE (filled diamonds), SCE (open squares), and 
CDE (open triangles) for each post-loss plot, as a function of post-
loss richness. Points are slightly jittered horizontally to improve 
visibility. 

Figure A2.2. Group-level effects of species loss on the summed co-
variance in the Biodiversity II experiment when comparing post-
loss plots to either (a) the most-variable or (b) the least-variable 
pre-loss plot. Points show the SRE (filled diamonds), SCE (open 
squares), and CDE (open triangles) for each post-loss plot, as a 
function of post-loss richness. Points are slightly jittered horizon-
tally to improve visibility. 

Figure A2.3. Individual-level effects of species loss on the summed 
covariance in the Biodiversity II experiment when comparing 
post-loss plots to either (a) the most-variable or (b) the least-var-
iable pre-loss plot. Points show the SRE (filled diamonds), SCE 
(open squares), and CDE (open triangles) for each post-loss plot, 
as a function of post-loss richness. Points are slightly jittered hori-
zontally to improve visibility. 
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Appendix 3

Illustrative application to a theoretical 
model
Here I provide an illustrative application of my approach to data 
generated by a theoretical model. This application complements 
the application to the Biodiversity II data, by showing that my ap-
proach can recover the effects of known underlying mechanisms.
Loreau and de Mazancourt (2008) presented a stochastic Lotka-
Volterra competition model:

	 (A3.1)

where Ni,t is the abundance of species i at time t (I = 1,…,S where 
S is species richness), r is intrinsic rate of increase (assumed for 
simplicity to be the same for all species), α is the competition coef-
ficient (assumed the same for all interspecific interactions). K´ is 
the carrying capacity, assumed to be the same for all species, and 

is given by  so that the mean total abundance of 

all species is independent of S. The random variable di,t gives the 
effect of demographic stochasticity on the per-capita growth of 
species i during timestep t, and is normally distributed with zero 
mean and standard deviation σd. The random variable εi,t gives the 
effect of environmental stochasticity on the per-capita growth of 
species i during timestep t, and is normally distributed with zero 
mean and standard deviation σe. 

I used this model to simulate the dynamics of a pre-loss com-
munity of S = 10 species which differed in their response to envi-
ronmental variation, and so differed in their variances and covari-
ances. Species i = 1,…,5 responded identically to environmental 
fluctuations, so that εi,t = ε1,t for all I = 1,…,5. Species i = 6,…,10 
responded identically to environmental fluctuations that were in-
dependent of those experienced by species i = 1,…,5. Species 1–5 
and 6–10 comprised two ecologically-distinct groups, with group 
members covarying more positively with one another than with 
members of the other group. 

I then simulated the dynamics of a series of post-loss communi-
ties, the first of which lacked species 1, the second of which lacked 
species 1 and 2, the third of which lacked species 1, 2 and 3, etc. 
Species loss was thus confined to the species in the first ecological 
group until all five of these species were lost. The most species-
poor community had only two species (i = 9, 10). I simulated the 
dynamics of each community for 1000 timesteps, and discarded 
the first 500 timesteps in order to eliminate transient dynamics. I 
calculated the variance-covariance matrix for each community and 
used Eq. 4–6 to partition the difference in community variabil-
ity between the pre-loss community and each post-loss commu-
nity. All species initially present persisted for the entire duration 
of every simulation. I conducted 10 replicate simulations of this 
experiment. Parameter values were r = 1, α = 0.5, K = 2000, σe = 
0.3, and σd = 0.09. 

Figure A3.1a shows that species loss has little effect on com-
munity variability until the loss of the last remaining species in 
the first ecological group. Loss of this species dramatically in-
creases total community variability, which changes little under 
further species loss. However, application of Eq. 4–6 reveals that 
this simple pattern in overall community variability actually arises 
from a more complicated set of effects, some of which cancel one 
another out.

Figure A3.1a also shows the approximate predicted effect of 
species loss on community variability derived by Loreau and de 
Mazancourt (2008; their Eq. B8). The first-order linear approxi-
mation derived by Loreau and de Mazancourt (2008) states that 
the species loss modeled here increases community variability in 
two ways. First, species loss increases species’ carrying capacities 
(recall that carrying capacities vary with S so that total commu-
nity size is independent of S). Second, species loss increases the 
average pairwise correlation between species’ responses to envi-
ronmental variation (up to a maximum), because as species are 
lost an increasing proportion of the remaining species are in the 
second ecological group and so respond identically to environ-
mental variation. The approximation derived by Loreau and de 
Mazancourt (2008) provides an alternative, complementary way 
to partition the effects of species loss on community variability. 
Because the approach developed here makes no system-specific 
assumptions, it does not attempt to separate effects mediated by 
changes in carrying capacity from effects mediated by changes in 
the correlation of species’ environmental responses. Conversely, 
the approximation derived by Loreau and de Mazancourt (2008) 
does not attempt to separate the total effect of loss of species rich-
ness per se from effects of changes in species composition or post-
loss changes in species’ variances and covariances. The two ap-
proaches thus provide different, complementary ways to partition 
the same total effect, which may be useful for different purposes. 
The approximation derived by Loreau and de Mazancourt (2008) 
provides mechanistic insight into the behavior of their model, but 
does not provide insight into the behavior of different models in-
corporating different ecological mechanisms (e.g. models in which 
competition is not described by the Lotka–Volterra model). The 
approach developed here is not itself mechanistic (although apply-
ing the approach often suggests mechanistic insights), but allows 
comparison of the effects of different mechanisms within a com-
mon framework. Further, the approximation derived by Loreau 
and de Mazancourt (2008) is not equally accurate at all levels of 
species loss simulated here (Fig. A3.1a). The exact partitioning 
provided by my approach can reveal subtle effects of species loss 
not captured by the approximation. 

Figure A3.1b shows that the summed variance declines linearly 
with increasing species loss due to an SRE, as it must. However, 
this trend is partially counterbalanced (and at high levels of spe-
cies loss, more than counterbalanced) by the CDE. Loss of species 
from the first ecological group slightly increases the variances of 
the remaining species, in part because the mean abundances of 
the remaining species increase, leading to variance-mean scaling 
(an effect which could be quantified using the approach described 
in Appendix 4). However, once all species from the first ecological 
group are lost, further species loss dramatically increases the vari-
ances of the remaining species. The results in Fig. A3.1b illustrate 
that species’ variances depend on interspecific interactions, just as 
do species’ covariances.

Figure A3.1c shows the group-level effects of species loss on 
species’ covariances. Total covariance decreases linearly with in-
creasing species loss due to an SRE, as it must because species 
covary positively on average. However, this effect is more than 
counterbalanced by a CDE. Loss of species from the first eco-
logical group increases the summed covariances of the remaining 
species, with the biggest increase associated with loss of the last 
species from the first ecological group. Further species loss actually 
decreases the summed covariances of the remaining species. 

To fully understand context-dependence of species’ covari-
ances, we need to partition the group-level CDE into its individ-
ual-level components (Fig. A3.1d). The individual-level SRE is 
negative because, on average, the persisting species have positive 
pre-loss pairwise covariances with other species. Random species 
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loss therefore reduces the summed covariances of the persisting 
species, all else being equal. This effect varies in absolute magni-
tude depending on how many species are lost because it comprises 
a sum across different species having different pre-loss summed 
covariances. The individual-level SRE is small, and is swamped 
by the other two effects. At an individual level, species were lost 
non-randomly with respect to their pairwise covariances with the 
remaining species: loss of species from the first ecological group 
represents non-random loss of species that covary negatively with 
the majority of the remaining species (those in the other ecological 
group). This individual-level SCE increases the summed covari-
ances of the remaining species. After all the species in the first eco-
logical group are lost, further species losses come from the second 
group, making the cumulative species loss less non-random and 
reducing the individual-level SCE. Finally, the pairwise covari-
ances between the remaining species increase as more species are 
lost, with the largest increases associated with loss of the last spe-
cies in the first ecological group and the first species in the second 
group. Species loss generates this individual-level CDE in part by 
increasing species’ mean abundances, which reduces the impor-
tance of desynchronizing demographic stochasticity (Loreau and 
de Mazancourt 2008). 

References
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Figure A3.1. Illustrative application of Eq. 4–6 to simulated data 
from Eq. A3.1. (a) Observed difference in total community vari-
ability (points) and the predicted difference from the first-order 
approximation derived by Loreau and de Mazancourt (2008). (b) 
Effects on the summed variance. (c) Group-level effects on the 
summed covariance. (d) Individual-level effects on the summed 
covariance. Effect sizes are means of 10 replicate simulated experi-
ments, ± SD. Some error bars are hidden by plot symbols.
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Appendix 4

Incorporating mean-variance scaling
Here I demonstrate two ways to incorporate species’ mean bio-
masses into the approach developed in the main text. One way is 
to analyze a scaled measure of variability such as the variance-mean 
ratio:

	 (A4.1)

where  is the temporal mean biomass of species i. In practice, 
many workers take the square root of the numerator of Eq. A4.1 
before dividing by total biomass, thereby obtaining the coefficient 
of variation (CV; Lehman and Tilman 2000, Petchey et al. 2002). 
However, this nonlinear transformation of the numerator is made 
for purposes of obtaining a dimensionless, scale-invariant ratio, 
and is inessential for present purposes. An analogous equation can 
be written for the ratio of post-loss variance to post-loss total bio-
mass:

	 (A4.2)

Lehman and Tilman (2000) suggested that the effects of diversity 
on stability can be understood by considering the effects of diver-
sity on each of the three components of Eq. A4.1: the summed 

variance , the summed covariance , and 

the total biomass . At a broad level, this is clearly true: if spe-

cies loss (or gain) is to affect the variance-mean ratio (or the CV), 
it must affect one or more of the three components of Eq. A4.1. 
Several empirical studies interpret experimental data on species 
loss and variability by considering the separate effects of species 
loss on each of the three components of Eq. A4.1 (Petchey et al. 
2002). Further, the Price equation partition of Fox (2006) can be 
used to describe the effects of species loss on total biomass, thereby 
partitioning the difference between the denominators of Eq. A4.1 
and Eq. A4.2. This partitioning of the difference in denominators 
could be used together with the approach developed in the main 
text to interpret the effects of species loss on all three components 
of Eq. A4.1.

However, the suggestion of Lehman and Tilman (2000) has 
a technical limitation. When community variability is measured 
by the variance-mean ratio, the difference in variability between 
a post-loss and a pre-loss community, , is given by Eq. A4.2 
minus Eq. A4.1:

	 (A4.3)

However, the expression for the separate effects of species loss on 
each of the three components of Eq. A4.1 is

	 (A4.4)

where ∑var and ∑var´ respectively are the pre- and post-loss 
summed variances and ∑cov and ∑cov´ respectively are the pre- 
and post-loss summed covariances. Equations A4.3 and A4.4 are 

not equal. In general, the difference of two ratios does not equal 
the ratio of the difference in numerators to the difference in de-
nominators. So while the Price equation partition can be applied 
to both the numerator and denominator of Eq. A4.4, the resulting 
expression is not a partition of the difference between pre- and 
post-loss variability, which is given by Eq. A4.3. More broadly, the 
difference between pre- and post-loss variability, Eq. A4.3, can-
not be completely understood by considering the difference be-
tween the pre- and post-loss values of each of its components Eq. 
A4.4. Nor is it possible to partition the between-site difference in 
variance-mean ratio, Eq. A4.3, into interpretable subcomponents 
via the Price equation partition, because the variance-mean ratio 
of a community does not equal the sum of the variance-mean 
ratios of the species comprising it. The same points hold true if 
community variability is measured in terms of CV rather than the 
variance-mean ratio.

If the variance-mean ratio (or the CV) is the investigator’s 
preferred measure of community variability, then substantial but 
incomplete insight into the between-site difference in variability 
can be gained by separately partitioning the effects of species loss 
on the numerator and the denominator. Alternatively, instead of 
scaling community variability by total biomass, the effects of spe-
cies’ biomasses on species’ variances can be quantified via mean-
variance scaling.

Incorporating mean-variance scaling
Mean-variance scaling refers to the observation that, for species’ 
biomasses (and many other random variables), the temporal vari-
ance often is related to the mean via a power law:

	 (A4.5)

where  is the mean biomass of species i, var(Bi) is the temporal 
variance of species i, εi is residual error, and a and b are parameters, 
the values of which depend on the nature of the processes control-
ling the mean and the variance. For instance, for a Poisson process 
the variance equals the mean (a = 0, b = 1). For ecological popula-
tions, theoretical arguments and most empirical evidence indicate 
that 1 ≤ b ≤ 2 (Hanski 1982, Taylor and Woiwood 1982, Murdoch 
and Stewart-Oaten 1989, Tilman 1999, Lepš 2004, Steiner 2005, 
Steiner et al. 2005, Romanuk et al. 2006, Vogt et al. 2006). 

Mean-variance scaling will affect the diversity-variability rela-
tionship if species’ mean biomasses vary with species richness. In 
general, mean biomasses should decline with increasing species 
richness due to interspecific competition, causing species’ temporal 
variances to decline via mean-variance scaling (Doak et al. 1998, 
Tilman et al. 1998). This can result in a reduction in the summed 
variance (Doak et al. 1998, Tilman et al. 1998). However, species’ 
variances also can vary with species loss for reasons independent 
of mean-variance scaling (Petchey et al. 2002), necessitating a way 
to isolate the role of mean-variance scaling from other factors af-
fecting species’ variances. 

The approach of Fox and Harpole (2008) can be used to isolate 
the effect of mean-variance scaling, and provide a more refined 
picture of how species loss affects community variability via mean-
variance scaling. Fox and Harpole (2008) use linear regression to 
describe how the contributions of individual species to pre- or 
post-loss ecosystem function depend on their underlying ‘traits’. 
A trait is simply any measurable property of a species that predicts 
its functional contribution. This approach is formally analogous 
to Fisher’s (1958) regression approach describing how the pheno-
types of individual organisms depend on their underlying geno-
types. While much insight into evolution can be gained without 
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knowledge of the underlying genetics of individual phenotypes, 
additional insight can be gained by explicitly specifying the rela-
tionship between genotypes and phenotypes. This allows evolu-
tion by natural selection to be re-described in terms of selection 
operating on the underlying genotypes rather than on phenotypes, 
and transmission bias operating at the level of genotypes rather 
than phenotypes (Fisher 1958). 
To apply the approach of Fox and Harpole (2008) to mean-vari-
ance scaling, we first log-transform Eq. A4.5 in order to linearize 
the mean-variance relationship:

	 (A4.6)

where ei is residual error on the log-transformed scale. Equation 
A4.6 is a linear regression of species’ ‘phenotypes’ (their log-trans-
formed variances) on their “genotypes” (their log-transformed 
mean biomasses). Equation A4.6 applies to the pre-loss site; the 
corresponding equation for the post-loss site is

	 (A4.7)

where primes denote attributes of the post-loss site. Fox and Har-
pole (2008) show that the difference between the summed log-
transformed variances can be written as

	

	 (A4.8)

where 

Equation A4.8 partitions the difference between the pre- and 
post-loss summed log-transformed variances into three additive 
components. The first component of Eq. A4.8, , is 
the SRE, isolating the effect of random loss of species richness on 
the summed log-transformed variances. The second component 
of Eq. A4.8, 

is the SCE, isolating the effect of non-random loss of species. The 
third component of Eq. A4.8, 

is the CDE, isolating the effect of post-loss changes in the proper-
ties of the remaining species. 

The novel feature of Eq A4.8 is that it partitions the SCE and 
CDE into subcomponents that identify the sources of mean-
variance scaling and separate the effects of mean-variance scaling 
from other factors. The SCE in Eq. A4.8 has two additive sub-

components. The first, , gives the effect on the 

summed log-transformed variance of non-random loss of species 
with respect to their pre-loss log-transformed biomasses. For in-
stance, non-random loss of high-biomass species will reduce the 
mean biomass of the remaining species, all else being equal. This 

reduction in mean biomass per species will reduce the mean vari-
ance of the remaining species, thereby reducing their total variance 
via mean-variance scaling. The second subcomponent of the SCE, 

, is the residual SCE attributable to non-random loss 

of species with respect to other, unidentified traits that affect spe-
cies’ log-transformed variances. The residual SCE will be small in 
absolute magnitude if interspecific variation in log-transformed 
biomass explains most of the interspecific variation in log-trans-
formed variance at the pre-loss site. 

The CDE in Eq. A48 has four additive subcomponents. The 

first, , is that part of the CDE attributable to 

between-site variation in the log-transformed biomasses of the 
persisting species. For instance, if the persisting species all exhibit 
lower biomasses at the post-loss site than at the pre-loss site, this 
term will be negative, because these reduced biomasses will lead 
to reduced variances via mean-variance scaling. Context depend-
ence of species’ biomasses is a second source of mean-variance 
scaling, distinct from non-random loss of species with respect to 

their pre-loss biomasses. The second subcomponent of the CDE, 

, is that part of the CDE attributable to 

between-site differences in the slope and intercept of the mean-
variance scaling relationship. For instance, imagine that the species 
at the post-loss site exhibit log-transformed variances that increase 
very steeply with their log-transformed biomasses, while the species 
at the pre-loss site do not. In this case, Δb will be positive, which 
will increase the summed log-transformed variance at the post-loss 
site. Total post-loss variance is increased because the persisting spe-
cies exhibit higher post-loss variances than they would have had 
the mean-variance scaling relationship retained its pre-loss proper-
ties. This subcomponent is not an effect of mean-variance scaling 
per se, because this subcomponent does not arise from changes in 
species’ mean biomasses. Empirical studies report a range of slopes 
and intercepts for the mean-variance scaling relationship (Hanski 
1982, Taylor and Woiwood 1982, Tilman 1999, Petchey et al. 
2002, Steiner 2005, Steiner et al. 2005, Romanuk et al. 2006), 

but the drivers of this variation are largely unknown. The third 

subcomponent of the CDE,  is an interaction 

term between the effects of post-loss changes in species’ log-trans-
formed mean biomasses, and post-loss change in the slope of the 
mean-variance scaling relationship. This term is a third source of 
mean-variance scaling, but one which is non-zero only when the 
slope of the mean-variance scaling relationship differs between 
sites (so that Δb ≠ 0). This term is an interaction term between 
mean-variance scaling itself and any factor affecting the slope of 
the mean-variance scaling relationship. The fourth subcomponent 

of the CDE, , is the residual context dependence in spe-

cies’ log-transformed variances attributable to unidentified factors 
other than post-loss changes in species’ biomasses and the proper-
ties of the mean-variance scaling relationship.

Equation A4.8 has several novel advantages as a framework 
in which to analyze the effects of mean-variance scaling on com-
munity stability. First, it isolates that portion of the between-site 
difference in the summed log-transformed variances attributable 
to mean-variance scaling per se from between-site differences in 
the summed log-transformed variances arising from other factors. 
Second, it identifies a novel interaction between mean-variance 
scaling and factors affecting the slope of the scaling relationship. 
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Previous discussions of mean-variance scaling have not recognized 
the interaction term (Doak et al. 1998, Tilman et al. 1998, Tilman 
1999, Petchey et al. 2002, Valone and Hoffman 2003, Lepš 2004, 
Steiner 2005, Steiner et al. 2005, Romanuk et al. 2006, Vogt et 
al. 2006). Third, Eq. A4.8 separates two distinct sources of mean-
variance scaling: non-random loss of high- or low-biomass species, 
and post-loss changes in the biomasses of the remaining species. 
Many causes of species loss will tend to eliminate rare, low-vari-
ance species. However, species loss also can lead to increases in the 
biomasses, and thus the variances, of the remaining species (e.g. if 
species compete). Equation A4.8 separates these two countervail-
ing effects on the summed variance, both of which operate via 
mean-variance scaling. 
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Appendix 5

Assumptions and interpretation of the 
Price equeation

Here I discuss the assumptions and interpretation of the Price 
equation and its extension by Fox (2006). I first discuss issues per-
taining to both the original Price equation and its extension by Fox 
(2006), and then issues specific to the extension by Fox (2006). 
For further discussion see Rice and Papadopoulos (2009), who 
emphasize that the assumptions of the Price equation are axiomat-
ic, in contrast to the simplifying assumptions which comprise the 
starting point for conventional theoretical models. 

The Price equation, and its extension by Fox (2006), is an ad-
ditive partition. It is important to recognize that the additivity 
of the SRE, SCE, and CDE is not an assumption of the Price 
equation partition. Rather, the additivity of the partitioned effects 
emerges naturally from the definition of the problem. The prob-
lem is to partition the difference between two populations of enti-
ties in some aggregate property of those entities (Price 1972, Frank 
1997, Okasha 2006). Additivity is assumed in the definition of the 
property of interest: an aggregate property is an average or sum of 
the properties of the individual entities comprising the popula-
tion. Additivity also is assumed in the definition of the between-
population comparison: it is the difference between populations 
that is considered, not the ratio or the product or etc.

The assumptions of additivity involved in defining the problem 
determine the domain of applicability of the Price equation. The 
approach developed here applies to community variability because 
the variance of a sum of random variables (the population-level 
property of interest) is an aggregate property by definition: it is the 
sum of the elements of the variance-covariance matrix. If the vari-
ance of a sum of random variables was defined as, e.g. the deter-
minant of the variance-covariance matrix, it would be an emergent 
property and the Price equation would not apply (see Appendix 
1 for more on aggregate vs emergent properties). By identifying 
important distinctions between different problems, such as the ef-
fects of species loss on aggregate versus emergent properties, the 
Price equation prevents the investigator from comparing “apples 
to oranges” (Fox and Harpole 2008).

The Price equation’s assumptions of additivity are not simplify-
ing assumptions, and do not limit its generality within its domain 
of applicability (Rice and Papadopoulos 2009). The approach de-
veloped here makes no assumptions about the nature of the under-
lying ecological mechanisms determining species’ variances and 
covariances, or about the mechanisms causing species loss. The 
approach developed here therefore is consistent with the operation 
of any complex, nonadditive, nonlinear processes affecting species’ 
variances and covariances. Analogously, in evolutionary biology 
concepts like ‘selection’ and ‘heritability’ are defined without mak-
ing any assumptions about the complex biological mechanisms 
that determine their values. This is what gives the original Price 
equation its generality (Frank 1997). For instance, the original 
Price equation applies to both natural and artificial selection. The 
distinction between natural and artificial selection is a distinction 
between different underlying mechanisms that generate selection, 
and the Price equation makes no assumptions about these mecha-
nisms. Analogously, the approach developed here describes the ef-
fects of both natural species loss, and artificial species loss such as 
in the Biodiversity II experiment. 

Specific ecological assumptions are only required to incorpo-
rate mean-variance scaling via the method of Fox and Harpole 
(2008). It is assumed that the true mean-variance scaling relation-

ship is reasonably well-described by Eq. A4.5. If it is not, Eq. A4.8 
remains mathematically valid, but provides little insight because 
the residual SCE and CDE will be large in magnitude relative to 
the other terms in Eq. A4.8.

The Price equation is an exact partition. There is no possibility 
that any effects are omitted from Table 1, not even residual error. 
This allows the Price equation to solve the conceptual problem of 
how species loss affects community variability in a more complete 
and convincing way than would be possible by attempting to gen-
eralize from specific ecological models making specific ecological 
assumptions. The Price equation is exact because it is retrospective. 
The Price equation assumes that the observed properties of entities 
are known without error, which can never be the case for future 
(and therefore unobserved) values of these properties. It does not 
matter if the observed properties of entities (here, species’ variances 
and covariances) were affected by stochastic mechanisms, since the 
Price equation considers only the known, observed outcomes of 
past stochastic (and deterministic) processes. Recently, Rice (2009) 
derived a prospective equivalent of the Price equation which in-
corporates uncertainty arising from the fact that future property 
values have not yet been observed and so must be characterized by 
probability distributions. 

In reality, species’ true variances and covariances are rarely 
known without error even in retrospect, because of sampling er-
ror. However, sampling error is a feature of the data input into the 
Price equation, not of the Price equation itself. The Price equation 
can be interpreted as averaging over sampling error and describ-
ing the expected change in the property of interest (Gardner and 
Grafen 2009). 

The Price equation does not assume equilibrium. The values of 
its terms will depend on when the system is sampled if the system 
state varies over time. This is not a drawback of the approach, but 
instead reflects real temporal variation in the strength of different 
effects. For instance, community variability likely will change over 
time as the community relaxes to a new dynamical state following 
species loss.

Partitionings are not unique. The difference between two 
populations in some aggregate property can be partitioned in an 
infinity of ways. Many possible partitionings will be uninterpret-
able and so provide no insight. But there may be no single ‘best’ 
partitioning because different partitionings provide different, 
complementary insights. In several previous applications of the 
Price equation, alternative partitionings are the subject of ongoing 
discussion (Fox 2005, 2006, Okasha 2006, Collins and Gardner 
2009). The partitioning of group-level and individual-level effects 
used here is widely used in evolutionary biology, which provides a 
motivation for choosing this partitioning (Okasha 2006).

The original Price equation partitions the difference between 
two populations in the mean of some property of the entities 
comprising the populations (Price 1972). Fox (2006) extended 
the original Price equation to partition the between-population 
difference in the sum, rather than the mean. By definition, the 
sum of the property values of the entities comprising a popula-
tion always equals the mean property value multiplied by the total 
number of entities (e.g. in a population of s entities, where entity i 

has property value zi, ). Populations that differ 

in their summed property value necessarily differ in population 
size (number of entities), mean property value, or both. The por-
tion of the between-population difference in the sum which is 
attributable to the difference in population size is the SRE (Fox 
2006). It is important to recognize that this SRE is not an effect 
expected under some possibly-false null hypothesis such as that 
species do not interact. Rather, it simply isolates the effect on a 



10

sum of removing some of the summands, without changing the 
mean value of those summands. The SRE could be regarded as 
a statistical fiction rather than a “real” biological effect, because 
it necessarily takes on a non-zero value whenever species are lost 
(unless the mean property value equals zero). If the SRE is viewed 
as a statistical fiction, it can be added to the SCE, with the sum 
of the two giving the total ‘direct effect’ of species loss on the sum 
of the property values (Fox 2006). However, viewing the SRE as 
a statistical fiction is tantamount to ignoring the distinction be-
tween effects of species loss that depend on the identity of the 
lost species vs. effects that don’t. The SRE isolates that portion of 
the total effect of species loss that would have occurred no matter 
which species were lost, and so cannot be uniquely attributed to 
the particular species that were lost (Fox 2006). Many experimen-
tal studies use statistical approaches such as ANOVA to separate 
effects of species richness from effects of species identity (Tilman 
et al. 2001). The Price equation partition is in the same spirit, but 
with the difference that in the Price equation partition the effects 
of species richness and species composition depend only on the 
biological properties of the species themselves, not on details such 
as the choice of experimental design or statistical model.  
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